Permutation polynomials over a ring of modulo 2 w are compatible with digital computers and digital signal processors, and so they are in particular expected to be useful for cryptography and pseudo random number generator. In general, the period of the polynomial should be long in such fields. In this paper, we derive the necessary and sufficient condition which specify one-stroke polynomials which are permutation polynomials whose periods are maximized.
Introduction
A polynomial is called a permutation polynomial over a finite ring R if the polynomial is bijection over R. Although R is a finite field in many studies, we deal with a ring of modulo 2 w in this paper. Studies about permutation polynomials over the ring are very important because they are compatible with digital computers and digital signal processors. They can calculate values of permutation polynomials over the ring faster than over a finite field because 2 power residue operation is practically negligible. Then, they are in particular expected to be useful for cryptography and pseudo random number generator, and some applications are already proposed [1] [2] [3] .
There are two important studies about permutation polynomials over the ring. One is study about periods of the polynomials. In general, it is better that the periods are long than that they are short for cryptography and pseudo random number generator. And so, the necessary and sufficient condition to maximize the period of the permutation polynomial should be studied. When the period of the permutation polynomial is maximized, there exists only one orbit drawn by the polynomial over the ring and the orbit covers the ring. Since a map which draws such only one orbit is called "onestroke map" [4] , we call such permutation polynomials "one-stroke polynomials" in this paper. The necessary and sufficient condition which specifies one-stroke polynomials with the assumption that the degree of the permutation polynomials are restricted to 1 or 2 is known [5] . One-stroke polynomials whose degrees are 1 or 2 are used in linear congruential method and quadratic congruential method, which are pseudo random number generators. A sufficient condition without the assumption is also known [6] , but the necessary and sufficient condition without the assumption is not known as far as the authors know.
The other is more fundamental. In order to study about permutation polynomials over a ring of modulo 2 w , we should know which polynomials are permutation polynomials. The necessary and sufficient condition which specifies permutation polynomials are already studied [7] .
Based on the above, we study about the one-stroke polynomials over a ring of modulo 2 w whose degrees are arbitrary. This paper is constructed as follows. In section 2, we introduce permutation polynomials over a ring of modulo 2 w . In section 3, we derive the necessary and sufficient condition to specifies one-stroke polynomials over the ring. In section 4, we introduce some properties about one-stroke polynomials over the ring. Finally, we conclude this paper.
Permutation polynomials over a ring of modulo 2 w
In this section, we introduce permutation polynomials over a ring of modulo 2 w .
Definition 2.1. A finite degree polynomial f (X) with integer coefficients is called a permutation polynomial over a ring of modulo 2 w if
The necessary and sufficient condition which specifies permutation polynomials over the ring is given by the following theorem [7] .
i , where the coefficients are integers, is a permutation polynomial over a ring of modulo 2 w if and only if
The following lemma is used in order to prove Theorem 2.1. We also use the lemma in the next section.
Lemma 2.1. Let f (X) is a polynomial with integer co-efficients. Then, f (X) is a permutation polynomial over a ring of modulo 2 w if and only if
The following lemma is also used in the next section.
Lemma 2.2. Let f (X) is a permutation polynomial over a ring of modulo 2 w . Then, f j (X) is also a permutation polynomial over the ring for arbitrary integer j, where f j (X) := f • f j−1 (X) and f 1 (X) := f (X).
One-stroke polynomial
In this section, we derive a necessary and sufficient condition which coefficients of one-stroke polynomials over a ring of modulo 2 w satisfy. First, we exactly define one-stroke polynomials over a ring of modulo 2 w .
Definition 3.1. Let f (X) is a permutation polynomials over a ring of modulo 2
is called a one-stroke polynomials over a ring of modulo 2 w .
By the definition, the following two lemmas are obviously true.
Lemma 3.1. Let f (X) is a permutation polynomial over a ring of modulo 2 w . Then, f (X) is a one-stroke polynomial over the ring if and only if
Lemma 3.2. Let f (X) is a permutation polynomial over a ring of modulo 2 w . Then, f (X) is a one-stroke polynomial over the ring if and only if
Lemma 3.3. Let f (X) is a permutation polynomial over a ring of modulo 2 w . Then, f (X) is a one-stroke polynomial over the ring if and only if
Proof Assume that f (X) is a one-stroke polynomial over the ring. By the definition,
Then, by Lemma 2.1 and 2.2,
By Lemma 3.1, 2i = 2 w . Then, i = 2 w−1 . Conversely, assume that (4) is true. Then, by Lemma 2.1 and 2.2,
By Lemma 3.2, f (X) is a one-stroke polynomials over the ring.
Lemma 3.4. Assume that f (X) is a permutation polynomial over a ring of modulo 2 w and f (X) satisfy f 2 (0) ≡ 2 mod 4 and
where all b i and c i are integers. By the assumption of the lemma, b 0 ≡ 2 mod 4 and c 0 ≡ 4 mod 8. Since f (X) is a permutation polynomial over the ring, by Lemma 2.2, f 2 (X) is also permutation polynomial over the ring. Then, by the Theorem 2.1,
Then, f 2w (0) ≡ 2w mod 2w +1 and the first degree's coefficient of f 2w (X) is 1 under modulo 4. From the above, the lemma is true.
i is a polynomial, where all a i are integers. Then, f (X) is a one-stroke polynomial over a ring of modulo 2 w if and only if a 0 ≡1 mod 2,
Proof If f (X) is a one-stroke polynomial over the ring, f (X) is a permutation polynomial over the ring. Then, by Theorem 2.1, Lemmas 3.3 and 3.4, f (X) is a onestroke polynomial over the ring if and only if (1), (2),
and
Since f (0) = a 0 ,
Since f (1) and (3), 
If a 0 ≡ 1 mod 2, (1), (2) and (3),
≡(a 3 + a 7 + a 11 + · · · ) + (a 6 + a 10 + a 14 · · · ) mod 2,
Then,
Therefore, (1), (2) and (3) ⇔(a 3 + a 5 + a 7 + · · · ) ≡ 2a 2 mod 4, (1), (2) and (3).
From the above, the theorem is true.
Example 3.1. Let f (X) = 4X 3 + X + 1 and g(X) = 2X 3 + X + 1. The both of them are permutation polynomials over a ring of modulo 2 w . Theorem 3.1 states that f (X) is a one-stroke polynomial over the ring and g(X)
is not. Indeed,
Then, the period of the orbit which f (X) draws over Z/2 w Z is maximum. On the other hand,
is not a one-stroke polynomial over the ring.
The results are consistent with Theorem 3.1.
Some properties of one-stroke polynomials
In this section, we introduce some properties of onestroke polynomials. First, we show a theorem about commutativity of one-stroke polynomials.
Theorem 4.1. Assume that f (X) is a one-stroke polynomial over a ring of modulo 2 w and g(X) is a permutation polynomial over the ring. If there existw ≥ 1 and
Then, since i is arbitrary and f (X) is a one-stroke polynomial,
The theorem is about one-stroke polynomials over a ring of modulo 2 w , but it can be easily more generalized. It is, however, not the theme of this paper.
Next, we show computability of one-stroke polynomials. Under the assumption that the degree of one-stroke polynomial f (X) is lower than w, we show that following values can be calculate with polynomial order times of w.
(A)X satisfyingȲ ≡ f (X) mod 2 w for givenȲ .
(B) j satisfyingȲ ≡ f j (X) mod 2 w for givenX and Y .
(C)Ȳ satisfyingȲ ≡ f j (X) mod 2 w for givenX and j.
In the paper [8] , similar problem for permutation polynomials over the ring is discussed. Here, we use not only properties of permutation polynomials over the ring but also those of one-stroke polynomials over the ring. Method to calculate (A). The following algorithm can calculate (A).
(i) Set X ′ ← 0 and m ← 1.
(
(iii) If m = w, output X ′ and finish this algorithm. Else, m ← m + 1 and return to (ii). 
The polynomials h 2 i (X) have the following properties.
and ifX ≡ 2 i mod 2 i+1 ,
We show a method to calculate (B) by using h 2 i (X). The algorithm is as follows.
(iii) If i = w − 1, output j and finish this algorithm. Else, i ← i + 1 and return to step 2.
At the end of step (ii), X ′ ≡ 0 mod 2 i+1 . Then, the algorithm always stops and outputs a correct solution. It takes O(w 2 ⌈ w i ⌉) times to calculate the value of h 2 i (X) for givenX. Then, this algorithm requires O(w 3 log w) times, but calculating (B) requires O(w 5 ) because we must calculate the list {h 2 0 (X), h 2 1 (X), h 2 2 (X), · · · , h 2 w−1 (X)}. Method to calculate (C). By using above algorithm, we can find j ′ such that f j ′ (X) ≡ 0 mod 2 w , and so it is enough to show an algorithm to calculate f k (0) mod 2 w for given k. The algorithm is as follows.
(i) Set i ← w − 1, X ′ = 0.
(ii) If (i + 1)-th least significant bit of k is 1, X ′ ← h 2 i (X ′ ) mod 2 w .
(iii) If i = 0, output X ′ and finish this algorithm. Else, i ← i − 1 and return to step 2.
In this algorithm, X ′ ≡ 0 mod 2 i+1 at the start of step (ii). Then, the algorithm always stops and outputs a correct solution. This algorithm also requires O(w 3 log w) times, but calculating (C) requires O(w 5 ) by the same reason why the method to calculate (B) requires O(w 5 ) times.
Conclusion
We derived the necessary and sufficient condition to specify one-stroke polynomials over a ring of modulo 2 w . The condition enables us to construct many long sequences with maximum periods such that the distribution of points of the sequences are uniform over the ring. In addition, one-stroke polynomials have some interesting properties. One-stroke polynomials will be applied for many fields including cryptography and pseudo random number generator.
